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Abstract
In this paper we discuss the question of whether the entropy of cosmological
horizon in Topological Reissner-Nordstro¨m- de Sitter spaces can be described by the
Cardy-Verlinde formula, which is supposed to be an entropy formula of conformal
field theory in any dimension. Furthermore, we find that the entropy of black hole
horizon can also be rewritten in terms of the Cardy-Verlinde formula for these black
holes in de Sitter spaces, if we use the definition due to Abbott and Deser for
conserved charges in asymptotically de Sitter spaces. Our result is in favour of the
dS/CFT correspondence.
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1 Introduction
Holography is believed to be one of the fundamental principles of the true quantum the-
ory of gravity[1, 2]. An explicitly calculable example of holography is the much–studied
AdS/CFT correspondence. Unfortunately, it seems that we live in a universe with a pos-
itive cosmological constant which will look like de Sitter space–time in the far future.
Therefore, we should try to understand quantum gravity or string theory in de Sitter
space preferably in a holographic way.. Of course, physics in de Sitter space is interesting
even without its connection to the real world; de Sitter entropy and temperature have
always been mysterious aspects of quantum gravity[3].
While string theory successfully has addressed the problem of entropy for black holes, dS
entropy remains a mystery. One reason is that the finite entropy seems to suggest that the
Hilbert space of quantum gravity for asymptotically de Sitter space is finite dimensional,
[4, 5]. Another, related, reason is that the horizon and entropy in de Sitter space have an
obvious observer dependence. For a black hole in flat space (or even in AdS) we can take
the point of view of an outside observer who can assign a unique entropy to the black hole.
The problem of what an observer venturing inside the black hole experiences, is much
more tricky and has not been given a satisfactory answer within string theory. While the
idea of black hole complementarity provides useful clues, [6], rigorous calculations are still
limited to the perspective of the outside observer. In de Sitter space there is no way to
escape the problem of the observer dependent entropy. This contributes to the difficulty
of de Sitter space.
More recently, it has been proposed that defined in a manner analogous to the AdS/CFT
correspondence, quantum gravity in a de Sitter (dS) space is dual to a certain Euclidean
CFT living on a spacelike boundary of the dS space [7] (see also earlier works [8]-[10]).
Following the proposal, some investigations on the dS space have been carried out re-
cently [9]-[27]. According to the dS/CFT correspondence, it might be expected that as
the case of AdS black holes [28], the thermodynamics of cosmological horizon in asymp-
totically dS spaces can be identified with that of a certain Euclidean CFT residing on a
spacelike boundary of the asymptotically dS spaces.
In this paper, we will show that the entropy of cosmological horizon in the Topologi-
cal Reissner-Nordstro¨m -de Sitter spaces (TRNdS) can also be rewritten in the form of
Cardy-Verlinde formula. We then show that if one uses the Abbott and Deser (AD) pre-
scription [29], the entropy of black hole horizons in dS spaces can also be expressed by
the Cardy-Verlinde formula.
2 Topological Reissner-Nordstro¨m-de Sitter Black Holes
We start with an (n + 2)-dimensional TRNdS black hole solution, whose metric is
ds2 = −f(r)dt2 + f(r)−1dr2 + r2γijdx
idxj,
f(r) = k −
ωnM
rn−1
+
nω2nQ
2
8(n− 1)r2n−2
−
r2
l2
, (1)
where
ωn =
16piGn+2
nVol(Σ)
, (2)
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where γij denotes the line element of an n−dimensional hypersurface Σ with constant cur-
vature n(n−1)k and volume V ol(Σ) , Gn+2 is the (n+2)−dimensional Newtonian gravity
constant, M is an integration constant, Q is the electric/magnetic charge of Maxwell field.
When k = 1, the metric Eq.(1) is just the Reissner-Nordstro¨m-de Sitter solution. For gen-
eral M and Q, the equation f(r) = 0 may have four real roots. Three of them are real,
the largest on is the cosmological horizon rc, the smallest is the inner (Cauchy) horizon
of black hole, the middle one is the outer horizon r+ of the black hole. And the fourth
is negative and has no physical meaning. The case M = Q = 0 reduces to the de Sitter
space with a cosmological horizon rc = l.
When k = 0 or k < 0, there is only one positive real root of f(r), and this locates the
position of cosmological horizon rc.
In the case of k = 0, γijdx
idxj is an n−dimensional Ricci flat hypersurface, when
M = Q = 0 the solution Eq.(1) goes to pure de Sitter space
ds2 =
r2
l2
dt2 −
l2
r2
dr2 + r2dx2n (3)
in which r becomes a timelike coordinate.
When Q = 0, and M → −M the metric Eq.(1)is the TdS (Topological de Sitter) solution
[32, 33], which have a cosmological horizon and a naked singularity, for this type of
solution, the Cardy-Verlinde formula also work well.
In the BBM prescription [22], the gravitational mass, subtracted the anomalous Casimir
energy, of the TRNdS solution is
E = −M = −
rn−1c
ωn
(
k −
r2c
l2
+
nω2nQ
2
8(n− 1)r2n−2c
)
. (4)
Some thermodynamic quantities associated with the cosmological horizon are
T =
1
4pirc
(
−(n− 1)k + (n + 1)
r2c
l2
+
nω2nQ
2
8r2n−2c
)
,
S =
rncVol(σ)
4G
,
φ = −
n
4(n− 1)
ωnQ
rn−1c
, (5)
where φ is the chemical potential conjugate to the charge Q.
The Casimir energy Ec, defined as Ec = (n + 1)E − nTS − nφQ in this case, is found to
be
Ec = −
2nkrn−1c Vol(σ)
16piG
, (6)
when k = 0, the Casimir energy vanishes, as the case of asymptotically AdS space. When
k = ±1, we see from Eq.(6) that the sign of energy is just contrast to the case of TRNAdS
space [30].
Thus we can see that the entropy Eq.(5)of the cosmological horizon can be rewritten as
S =
2pil
n
√
|
Ec
k
|(2(E − Eq)− Ec), (7)
3
where
Eq =
1
2
φQ = −
n
8(n− 1)
ωnQ
2
rn−1c
. (8)
We note that the entropy expression (7) has a similar form as the case of TRNAdS black
holes [30].
For the black hole horizon, which there is only for the case k = 1 associated thermody-
namic quantities are
T˜ =
1
4pir+
(
(n− 1)− (n + 1)
r2+
l2
−
nω2nQ
2
8r2n−2+
)
,
S˜ =
rn+Vol(σ)
4G
,
φ˜ =
n
4(n− 1)
ωnQ
rn−1+
. (9)
The AD mass of TRNdS solution can be expressed in terms of black hole horizon radius
r+ and charge Q,
E˜ = M =
rn−1+
ωn
(
1−
r2+
l2
+
nω2nQ
2
8(n− 1)r2n−2+
)
. (10)
In this case, the Casimir energy, defined as E˜c = (n+ 1)E˜ − nT˜ S˜ − nφ˜Q, is
E˜c =
2nrn−1+ Vol(σ)
16piG
, (11)
and the black hole entropy S˜ can be rewritten as
S˜ =
2pil
n
√
E˜c|2(E˜ − E˜q)− E˜c|, (12)
where
E˜q =
1
2
φ˜Q =
nωnQ
2
8(n− 1)rn−1+
, (13)
which is the energy of electromagnetic field outside the black hole horizon. Thus we
demonstrate that the black hole horizon entropy of TRNdS solution can be expressed in a
form as the Cardy-Verlinde formula. However, if one uses the BBM mass Eq.(4) the black
hole horizon entropy S˜ cannot be expressed by a form like the Cardy-Verlinde formula.
Our result is in favour of the dS/CFT correspondence.
3 Conclusion
The Cardy-Verlinde formula recently proposed by Verlinde [31], relates the entropy of a
certain CFT to its total energy and Casimir energy in arbitrary dimensions. In the spirit
of dS/CFT correspondence, this formula has been shown to hold exactly for the cases
of dS Schwarzschild, ds topological, ds Reissner-Nordstro¨m and dS Kerr black holes. In
this paper we have further checked the Cardy-Verlinde formula with topological Reissner-
Nordstro¨m de Sitter black hole.
For spacetimes of black holes in dS spaces, the total entropy is the sum of black hole
4
horizon entropy and cosmological horizon entropy. If one uses the BBM mass of the
asymptotically dS spaces, the black hole horizon entropy cannot be expressed by a form
like the Cardy-Verlinde formula[32]. In this paper, we have found that if one uses the
AD prescription to calculate conserved charges of asymptotically dS spaces, the TRNdS
black hole horizon entropy can also be rewritten in a form of Cardy-Verlinde formula,
which indicates that the thermodynamics of black hole horizon in dS spaces can be also
described by a certain CFT. Our result is also reminiscent of the Carlip’s claim [34] that
for black holes in any dimension the Bekenstein-Hawking entropy can be reproduced using
the Cardy formula [35].
References
[1] G. ’t Hooft, gr-qc/9310026; L. Susskind, J. Math. Phys. 36 (1995) 6377, hep-
th/9409089.
[2] R. Bousso, JHEP 9907 (1999) 004, hep-th/9905177; JHEP 9906 (1999) 028, hep-
th/9906022; JHEP 0104 (2001) 035, hep-th/0012052.
[3] G. W. Gibbons and S. W. Hawking, Phys. Rev. D15 (1977) 2738.
[4] T. Banks, “Cosmological breaking of supersymmetry or little Lambda goes back to
the future. II,” arXiv:hep-th/0007146.
[5] E. Witten, “Quantum gravity in de Sitter space,” arXiv:hep-th/0106109.
[6] L. Susskind, L. Thorlacius and J. Uglum, “The Stretched horizon and black hole
complementarity,” Phys. Rev. D 48 (1993) 3743 [arXiv:hep-th/9306069]; L. Susskind,
“String theory and the principles of black hole complementarity,” Phys. Rev. Lett.
71 (1993) 2367 [arXiv:hep-th/9307168].
[7] A. Strominger, arXiv:hep-th/0106113.
M. Spradlin, A. Strominger and A. Volovich, arXiv:hep-th/0110007.
[8] C. M. Hull, JHEP 9807, 021 (1998) [arXiv:hep-th/9806146].
C. M. Hull, JHEP 9811, 017 (1998) [arXiv:hep-th/9807127].
C. M. Hull and R. R. Khuri, Nucl. Phys. B 536, 219 (1998) [arXiv:hep-th/9808069].
C. M. Hull and R. R. Khuri, Nucl. Phys. B 575, 231 (2000) [arXiv:hep-th/9911082].
[9] P. O. Mazur and E. Mottola, Phys. Rev. D 64, 104022 (2001) [arXiv:hep-th/0106151].
I. Antoniadis, P. O. Mazur and E. Mottola, arXiv:astro-ph/9705200.
[10] V. Balasubramanian, P. Horava and D. Minic, JHEP 0105, 043 (2001) [arXiv:hep-
th/0103171].
[11] M. Li, arXiv:hep-th/0106184.
5
[12] S. Nojiri and S. D. Odintsov, Phys. Lett. B 519, 145 (2001) [arXiv:hep-th/0106191].
S. Nojiri and S. D. Odintsov, arXiv:hep-th/0107134.
S. Nojiri, S. D. Odintsov and S. Ogushi, arXiv:hep-th/0108172.
[13] D. Klemm, arXiv:hep-th/0106247.
S. Cacciatori and D. Klemm, arXiv:hep-th/0110031.
[14] Y. h. Gao, arXiv:hep-th/0107067.
[15] J. Bros, H. Epstein and U. Moschella, arXiv:hep-th/0107091.
[16] E. Halyo, arXiv:hep-th/0107169.
[17] A. J. Tolley and N. Turok, arXiv:hep-th/0108119.
[18] T. Shiromizu, D. Ida and T. Torii, arXiv:hep-th/0109057.
[19] C. M. Hull, arXiv:hep-th/0109213.
[20] B. McInnes, arXiv:hep-th/0110062.
[21] A. Strominger, arXiv:hep-th/0110087.
[22] V. Balasubramanian, J. de Boer and D. Minic, arXiv:hep-th/0110108.
[23] Y. S. Myung, arXiv:hep-th/0110123.
[24] B. G. Carneiro da Cunha, arXiv:hep-th/0110169.
[25] R. G. Cai, Y. S. Myung and Y. Z. Zhang, arXiv:hep-th/0110234.
[26] U. H. Danielsson, arXiv:hep-th/0110265.
[27] S. Ogushi, arXiv:hep-th/0111008.
[28] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].
[29] L. F. Abbott and S. Deser, Nucl. Phys. B 195, 76 (1982).
[30] D. Youm, Mod.Phys.Lett. A16 (2001) 1327-1334
[31] E. Verlinde, hep-th/0008140.
[32] R. G. Cai, Phys. Lett. B525, (2002),231.
[33] A.J.M. Medved, Class.Quant.Grav. 19 (2002) 2883-2896
[34] S. Carlip, Phys. Rev. Lett. 82, 2828 (1999) [arXiv:hep-th/9812013].
[35] J. L. Cardy, Nucl. Phys. B 270 (1986) 186.
6
